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changes to the far wake. This however, needs further ex-
perimental verification.

Conclusion
The measured velocity distribution and velocity defect

distribution in the near wake of a flat plate agree fairly well
with the values obtained by solving Reichardt's fundamental
equation for free turbulence. The momentum transfer
coefficient K2 has the same order of magnitude as obtained
by Townsend12 for circular cylinders. The turbulence in-
tensity variation shows two distinct patterns, one for x = 20
may be the limit at which the near wake changes to the far
wake. This however, needs more detailed experimental in-
vestigation. The effect of shape parameter H0 at the trailing
edge also needs to be investigated further as it seems to have a
definite bearing on the wake characteristics.
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Introduction
I HE modal synthesis technique is widely used in structural
modeling for dynamics. This method, its history and
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development are well described in a survey paper presented in
1971 by Hurty.1 The purpose of this Note is to cast the
dynamics of a combined structural-acoustic system in terms
of a modal synthesis. This approach appears to be especially
useful for determining the low-frequency free and forced
interior acoustical properties of the passenger compartments
of road and rail vehicles and aircraft wherein the acoustic
wavelength is of the same order of magnitude as the
dimensions of the structure. As with most such efforts, the
goal of this work is to produce cost and time savings in the
analysis task. For the examples discussed below, the
procedure described herein results in a significant reduction in
computer cost from that required for solution of the complete
system, with little loss in accuracy.

Analysis
Development of the finite element method has produced

renewed interest in the structural-acoustic problem by making
tractable the solution for arbitrary geometries.2"8 As a
starting point for the present development, we take the
equations of motion of the coupled system in the form given
by Everstine, et al. 9

[M/5] [0] [Kff] lpj (0)

where { u } is the vector of n normal displacements for the
compartment structure, (/? ) is the vector of m nodal pressures
for the enclosed fluid, [Mss] and [Kss] are the n x n structural
mass and stiffness matrices, [M//] and [Kff] are the mxm
fluid mass and stiffness matrices, [KSf] = [A] and [M/j = -
(pc)2 [A]T, with [A] a sparse nxm coupling matrix whose
elements are found from the surface area./!/, for the boundary
node corresponding to the structural displacement w/ and the
associated fluid pressure at that node pjf Also, pc is the
characteristic impedance of the fluid, and [Fs] is the vector
of external forces applied to the structure.

For brevity, in the remainder of this development, we will
consider a free, harmonic solution of Eq. (1), such that (F5)
= { 0 ) a n d { w ) = - o > 2 ( w ) , (/?) = -w 2 (p) . The extension to
include forced motion can be carried out in the usual way.
Furthermore, we will employ a transformation of coor-
dinates, using the structural modes [</>5] determined in vacuo
and the rigid wall acoustic cavity modes [<£/] , such that

!«)=[*,] (2a)

(2b)

with [rjs] and [rjf] representing the appropriate modal
coordinates.

Making these substitutions, and premultiplying all terms by

[* J T [ 0 ] ~

[ 0 ] [0/] T _

gives the desired result

[0]

~ ( p c ) 2 [ C ] T

(3)

where [C] = [</>J T [A] [</>/], the modal coupling matrix, and
f Ms J = [<t>s] T [AfJ [<£5], etc. Note that the elements of
[C] represent the product of the structural "ring" modes with
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the acoustic cavity modes weighted by the bounding area
attributed to each boundary point.

Equation (3) can be solved to establish the natural
frequencies and mode shapes of the coupled system. In
practice, computational cost and time savings are achieved by
retaining only a selected portion of the structural and cavity
modes in the solution of Eq. (3). These may be chosen on the
basis of a given frequency range of interest, large con-
tributions to the modal coupling matrix, or some other
criterion, possibly determined by a computer "experiment"
with similar problems. If desired, structural displacements or
fluid pressures at points of interest may be determined by
means of Eq. (2). These displacements and pressures of in-
terest may also be retained in the synthesis as dependent
coordinates, by including the required terms of Eq. (2) as
equations of constraint.

Examples
Two examples will be discussed to illustrate the modal

synthesis technique. For the first example, we consider the
case of a tube of length £ and cross-sectional area A, ter-
minated by a rigid, movable plug of mass M supported by a
spring with stiffness K, as shown in Fig. 1. The frequencies of
this system are the roots of

(4)

where the system frequency ratio 85 = w/w,/, the plug
frequency ratio Qp = wp/co r / , and the mass ratio \L = mlM. The
frequency of the combined system is co, the first frequency of
a closed tube co/y = TTC/£, the frequency of the termination plug
UP = VA7M and the mass of enclosed air m = piA.

For this example, we take the values p = 1.225 kg/m3,
c = 340m/sec,£=3.4m,v4 = 3m 2 , /z = 0.5, and Op = 0.8. The
lowest nonzero roots of Eq. (4) lead to system frequencies of
36.6 and 54.8 Hz. The results of modal synthesis for this
problem, including the Helmholtz or uniform pressure
"mode" and varying numbers of other closed tube modes are
shown in Fig. 1. The errors in the system frequencies are
approximately proportional to 1/N, where N is the total
number of closed tube modes included. Although this is not
rapid convergence, it should be noted that for engineering
purposes, a three- or four-mode model is sufficient.

The second example is a wall and cavity system previously
discussed by Dowell and Voss.10 The flexible wall is a 0.508
m x 0.254 mx 0.127 cm rectangular aluminum plate, covering
a cavity whose depth can be varied from 0.051 to 0.305 m.
Material properties for the plate are £ = 72.4 GPa, G = 21.6
GPa, p = 2860 kg/m3 and for the cavity c=343.5 m/sec,
p = 1.225 kg/m3.

First, calculate the uncoupled modes and frequencies for
the wall and for the cavity. The wall panel has been modeled
in NASTRAN with a 5 x 10 element quadrilateral plate mesh
covering one-quarter of the panel. The exterior boundaries
are given clamped conditions, and the centerline boundaries
are constrained to provide symmetric conditions, so that only
volume-displacing, symmetric-symmetric (ss) modes will be
included. Other panel modes are uncoupled from the problem
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Fig. 1 Frequency convergence for a tube with elastically mounted
termination plug.

of interest and will be neglected. The fundamental mode has a
frequency of 118 Hz, and the third mode (the next higher ss
mode) has a natural frequency of 213 Hz. Because of the
simple nature of the cavity modes for this example, the rigid
wall acoustic frequencies and mode shapes have been
calculated directly from theory. Only modes exerting a net
pressure on the panel will influence the 55- modes; other cavity
modes are neglected. The first such oscillatory mode occurs at
563 Hz for a 0.305-m deep cavity. The Helmholtz "mode"
has also been included in the synthesis.

The cavity effect on panel natural frequencies is shown in
Fig. 2 for several length-to-depth ratios. Results of the
NASTRAN modal synthesis are compared with the two-term
theory of Dowell and Voss10 for the first two ss modes. Two
models have been used, the first containing three modes (one
cavity and two panel modes) and the second containing all 55
modes in the range up to 10 times the fundamental panel
frequency (five cavity and nine panel modes). The modal
solutions yield somewhat higher frequencies than those that
Dowell and Voss found. This difference is attributed to the
approximate nature of the theory and the slow convergence of
the synthesis. Note, however, that increasing the number of
included modes from three to 14 produces only a slight im-
provement in the agreement.

Table 1 Distribution of modal kinetic energy for two modes of combined system

Substructure modal energy (%)

System mode Length/depth ratio First panel mode Third panel mode
Helmholtz

Cavity "Mode"

First mode

Third mode

1.67
3.33

10.00

1.67
3.33

10.00

86.8
69.2
54.3

0.0
0.5
2.1

0.0
0.4
1.5

97.3
90.2
75.6

13.2
30.4
44.2

2.7
9.3

22.3
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Fig. 2 Cavity effect on panel natural frequencies.

The distribution of modal energies is often of interest in
interpreting synthesis results, especially for more complicated
structural geometries. For this purpose, the substructure
modes are mass normalized prior to inclusion in the synthesis.
Then each element of an eigenvector of the synthesis is
proportional to the squre root of the kinetic energy in the
associated substructure mode. The distribution of kinetic
energy in two modes of the panel-cavity system is given in
Table 1. The interaction between panel and cavity is greater
for a shallower cavity (larger length/depth ratio), as indicated
by the increase in energy for the cavity (Helmholtz) mode
shown in the last column of Table 1. Note also that for a given
length/depth ratio the interaction is greater for the first mode
than for the third mode, as mentioned in Ref. 10.

Conclusions
The equations of motion for a combined structural-acoustic

system have been reduced to the form of a modal synthesis.
This formulation can then be used to economically obtain the
system eigenvalues and eigenvectors. These results are of
interest in themselves or may serve as the basis for a forced
solution.
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V ENTRES,1 Chi,2 and Williams et al.,3 have studied
lifting surface aerodynamics in a parallel, shear flow of

constant thickness. To improve the accuracy and realism of
this model, particularly in its application to boundary-layer
flows, Chi2 has extended Ventres' solution for this model in
steady, two-dimensional incompressible flow to allow for
variation of the shear (boundary) layer thickness along the
lifting surface chord. His solution, though correct, is un-
necessarily elaborate. It is the purpose of the present Note to
point out that for shear layers of slowly varying thickness, it is
sufficient to replace the constant boundary-layer thickness
which appears in Ventres' Kernel function by the varying
thickness. The Kernel function in question is that relating
pressure on the lifting surface to its downwash (normal
velocity on its surface).

Chi2 has shown'for a slowly varying shear layer thickness,
d (*), that

w(x) (1)

Here x = coordinate along airfoil chord, vv = downwash,
K* = Fourier transform of Ventre's Kernel for constant d with
d now taken as a function of x, and p*w = Fourier component
of wall pressure. The (physical) wall pressure is given by

pw[xtd(x)]=— \
2TT<J -o

From Eq. (2), it seems useful to define

=~ p*w(a,d(x)]eia*'da

(2)

(3)
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